We discuss particle entanglement in systems of indistinguishable bosons and fermions, in finite Hilbert spaces, with focus on operational measures of quantum correlations. We show how to use von Neumann entropy, Negativity and entanglement witnesses in these cases, proving interesting relations. We obtain analytic expressions to quantify quantum correlations in homogeneous Ddimensional Hamiltonian models with certain symmetries.
complementary. The quantification of quantum correlations for general states, fermionic or bosonic, remains an open problem.
In this work, as a natural extension of [13] , we will show how to calculate entanglement witnesses for the bosonic case, but they will not be optimal due to some subtleties of the uncorrelated bosonic states. We will show that functions of the purity of the single-particle reduced state quantify quantum correlations for pure states, with the caveat that for some special known values, the quantifier is inconclusive for bosons. This extends previous results by Paskauskas et. al [11] and Plastino et. al [12] . We will also see that a simple shift in the well known negativity ( N eg(ρ) = ρ Ti 1 −constant) [14] results in a quantifier of quantum correlations in bosons and fermions. Finally, in the context of entanglement in many-body systems [5, 15, 16] , we will analyze homogeneous D-dimensional Hamiltonian models with certain symmetries, by means of the von Neumann entropy of the single-particle reduced state.
This paper is organized as follows. In Sec.II we consider quantum correlations in fermionic states, showing how the purity of the single-particle reduced state can be used as a measure for pure states, and the Negativity for the general case. In Sec.III the same analysis is made for bosons. In Sec.IV we discuss entanglement witnesses in bosonic systems. In Sec.V we make some remarks about the different measures of quantum correlations, and discuss how they compare for pure states in the smallest dimension single-particle Hilbert space, proving some relations. In Sec.VI we show how to calculate quantum correlations in certain homogeneous D-dimensional Hamiltonian models. In the Appendix, we prove the expressions for the Negativity of bosons and fermions. We conclude in Sec.VII.
II. FERMIONS
Systems of indistinguishable particles have a more concise description in the second quantization formalism. Therefore we introduce operators with the following anti-commutation relations:
f † i and f i are the fermionic creation and annihilation operators, respectively, such that their application on the vacuum state (|0 ) creates/annihilates a fermion in state "i". The vacuum state is defined such that that f i |0 = 0.
As stated in the Introduction, the different definitions of quantum correlations agree with each other in the fermionic case, in the sense that the set of states without quantum correlations can be defined as follows.
Fermionic state without quantum correlations:
) has no quantum correlations if it can be decomposed as a convex combination of Slater determinants, namely,
where
} is a set of orthonormal operators in the index k), U i is a unitary matrix of dimension dN , and {f † l } is an orthonormal basis of fermionic creation operators for the space of a single fermion (H d ). Note that uncorrelated pure states are single Slater determinants. The single-particle reduced states (σ r (Sl 1 ) ) of a single Slater determinant have a particularly interesting form, and stand for the pure states in the "N-representable" reduced space (single-particle reduced space respective to the antisymmetric space of N fermions) [17] .
Single-particle reduced fermionic state without quantum correlations: Given a pure fermionic state without quantum correlations, i.e. a single Slater determinant, |ψ = a † φ1 a † φ2 ...a † φN |0 , where {a † φi } are orthonormal, we have the equivalence:
where σ r (Sl 1 ) = T r 1 ...T r N −1 (|ψ ψ|) is the single-particle reduced state (T r i is the partial trace over particle i). Therefore, if σ is a mixed uncorrelated state, its single-particle reduced state in the "N-representable" reduced space is:
Now, aware of Eq.3, it is straightforward to conclude that shifted positive semidefinite functions of the purity of the single-particle reduced state can be used to measure the quantum correlation of a pure fermionic state, a result similar to that obtained by Plastino et al. [12] or Paskauskas et al. [11] . Using, for example, the von Neumann entropy (S(ρ) = T r(−ρ log ρ)), we see that S(ρ r = T r 1 ...T r N −1 (|ψ ψ|)) ≥ S(σ r (Sl 1 ) ) = log N , and thus a measure "E" for the quantum correlations of a pure fermionic state can be defined by a shifted von Neuman entropy of the single-particle reduced state. Shifted von Neuman entropy of entanglement for pure states:
The case of pure states is easy due to the unique form of the uncorrelated single-particle reduced states (Eq.3), which is no longer the case for mixed states (Eq.4). Though not obvious, but straightforward to prove as we show in the Appendix, we can measure the quantum correlations of mixed fermionic states by the following shifted Negativity.
Shifted Negativity:
where T i is the partial transpose over the i-th particle, and . 1 is the trace-norm. If ρ is a single Slater determinant, its trace-norm is N , and it is smaller in the case of a uncorrelated mixed state, as shown in the Appendix. Note, however, that we do not know if there are correlated fermionic states whose Negativity is null.
III. BOSONS
As in the previous section, we introduce operators to describe the bosonic system in the second quantization formalism. The operators satisfy the usual commutation relations:
where b † i and b i are the bosonic creation and annihilation operators, respectively, such that their application on the vacuum state (|0 ) creates/annihilates a boson in state "i". The vacuum state is defined such that b i |0 = 0.
As stated in the Introduction, the different notions of quantum correlations in bosons diverge from each other, resulting in two distinct sets of uncorrelated states.
Bosonic pure state with no quantum correlations: A bosonic pure state |ψ ∈ S(H
, without quantum correlations, can be written as:
φi } is a set of orthonormal operators in the index i), U is a unitary matrix of dimension dN o , N o is the number of distinct occupied states, and n φi is the number of bosons in the state φ i . Uncorrelated mixed states are those that can be written as convex combinations of uncorrelated pure states. We clearly see that the set of states without quantum correlations according to Definition 1 includes the set derived from Definition 2, since the later is a particular case of the former, with N o = 1.
Definition 2 mirrors the case of distinguishable particles. Therefore one can use the entropy of the one-particle reduced state (S(ρ r )) and the usual Negativity ( ρ − 1) to quantify the correlations. The problem is delicate for the Definition 1, for the equivalence between pure states without quantum correlations and the single-particle reduced states is no longer uniquely defined by the analogous of Eq.3. The shifted Negativity given by Eq.6 is still valid, but now we do know that there are correlated states with ρ < N . The entropy of the one-particle reduced state gives information about the quantum correlations, but as a quantifier it must be better understood. We know that a uncorrelated bosonic pure state, according to Eq. (8) , has the following one-particle reduced state:
σ r (φ i , φ j ) is a matrix element of σ r . The entropy of the one-particle reduced state assumes the special values:
Note that 0 ≤ S(σ r ) ≤ log N , and therefore when S(ρ r ) > log N , the pure state ρ is quantum correlated. The pure state is also quantum correlated if S(ρ r ) is not one of the values given by Eq.11. Take for example the case of two bosons: we have either N o = 1, n φi = 2 and thus S(σ r ) = 0, or N o = 2, n φi = 1 and S(σ r ) = log 2. Given an arbitrary pure state ρ of two bosons, if S(ρ r ) = 0 we can say with certainty that the state has no quantum correlations, but if S(ρ r ) = log 2 we cannot conclude anything, for either a state with no quantum correlations, e.g.
, with c i,j,k ∈ R, and S(ρ r ) ⊂ (0, log 3], could have the same von Neumann entropy for the one-particle reduced state.
IV. WITNESSED ENTANGLEMENT
In this section we present a bosonic entanglement witness. In one hand it is analogous to the fermionic entanglement witness we have introduced in a previous work [13] , but on the other hand it is not optimal, due to the complicated structure of the uncorrelated bosonic states.
A Hermitian operator W is an entanglement witness for a given entangled quantum state ρ [18] , if its expectation value is negative for the particular entangled quantum state (T r(W ρ) < 0), while it is non-negative on the set of non-entangled states S (∀σ ∈ S, T r(W σ) ≥ 0). We say that W opt is the optimal entanglement witnesses (OEW) for ρ, if
where M represents a compact subset of the set of entanglement witnesses W. With OEWs we can quantify entanglement (E(ρ)) by means of an appropriate choice of the set M [19] :
In the fermionic case [13] , restricting the witness operators to the antisymmetric space {W = AW A † }, the constraint {W ≤ A} defines the Fermionic Generalized Robustness (R 
is a uncorrelated state (according to Eq.2), where ϕ can be correlated or not in the case of R The method for obtaining the OEW in the fermionic case is based on semidefinite programs (SDP) [20] , which can be solved efficiently with arbitrary accuracy. Now we will mimic the procedure for constructing W presented in [13] , and try to obtain the Generalized Robustness for bosonic states. Consider the following SDP:
where d is the dimension of the single-particle Hilbert space, S is the symmetrization operator,
is an operator acting on the space of one boson, and {b † l } is an orthonormal basis of bosonic creation operators. The notation W ≤ S means that (S − W ) ≥ 0 is a positive semidefinite operator. The optimal W obtained by this program is an entanglement witness, but it cannot be optimal, as we now discuss. For an arbitrary bosonic uncorrelated state σ, the semi-positivity condition T r(W σ) ≥ 0 is equivalent to: k , a problem which does not arise in the fermionic case due to the Pauli exclusion principle. In numerical tests, we noticed that the quality of W improves with the increasing of the single-particle Hilbert space dimension.
V. MEASURES INTERRELATIONS
In this section we highlight the relationship among the measures of quantum correlations for fermionic and bosonic pure states in the smallest dimension, A(H 4 ⊗ H 4 ) and S(H 2 ⊗ H 2 ), respectively. While the fermionic case resembles that of distinguishable qubits, the bosonic case is more intricate, due to the structure of the uncorrelated states.
For pure states of distinguishable qubits, ρ = |ψ ψ| ∈ B(H 2 ⊗ H 2 ), it is well known the following equivalence for Generalized Robustness R g (ρ), Robustness of Entanglement R e (ρ), Random Robustness R r (ρ), Wooters Concurrence C W (ρ), Negativity N eg(ρ), and Entropy of Entanglement E(ρ) [21] [22] [23] [24] :
Recall that E(ρ) is the Shannon entropy of the eigenvalues (λ, 1 − λ) of the reduced one-qubit state, and C W = 2 λ(1 − λ). For pure two-fermion states, ρ = |ψ ψ| ∈ B(A(H 4 ⊗ H 4 )), we have found similar relations:
Note that N eg(ρ), and E(ρ) are the shifted measures. The relations between Robustness and Slater concurrence were observed numerically by means of optimal entanglement witnesses [13] , and now we prove them. Based on the Slater decomposition |ψ
k , we can write the following optimal decomposition (viz Eq.14):
Now we show that when t = C F S (ρ), σ opt is separable and in the border of the uncorrelated states. We know that the Slater concurrence of the state is invariant under unitary local symmetric maps Φ. We can always choose Φ so that the single particle modes {a † i } are mapped into the canonical modes {f †
, and φ
are the eigenvalues, in non-decreasing order, of the matrix σ ′ opt σ ′ opt , with σ
operator, and U ph the particle-hole transformation. Consider the following matrix:
Note that "σ 
The eigenvalues of ρ ′ ρ ′ are easily obtained by means of its Slater decomposition, and the only non null eigenvalue is given by C F S (ρ ′ ). φ ′ opt has just two non null eigenvalues, which are equal, given by 
In considering the measures corresponding to definition 1 of uncorrelated states (Eq.8), we see that they are related differently, since the Negativity will always be zero for such states ( ρ Ti 1 ≤ 2). This is due the use of the upper limit in Eq.42 (viz Appendix). We could however, instead of using this upper limit, obtain analytically the values of ρ Ti 1 corresponding to the uncorrelated pure states, which would be equal to ρ Ti 1 = 1 or 2, and perform a similar analysis to that made for the S(ρ r ) def.1 in Eq.11. Thus it would be possible to relate the Negativity and the Entropy of Entanglement according to definition 1. We see therefore that the relations between the distinct measures are similar to the distinguishable case when we consider the definition 2 (Eq.9) of quantum correlations, possessing some discrepancies when we consider the definition 1.
VI. HOMOGENEOUS D-DIMENSIONAL HAMILTONIAN
In this section we see how to use the von Neumann entropy to quantify the quantum correlations in homogeneous D-dimensional Hamiltonian models, with the following properties: (1) the eigenstates are non-degenerate, and (2) (1) and (2), we have:
T r(c † iσ
where Eq. (24) follows from the translational invariance property of the quantum state due to the homogeneity of the Hamiltonian, while Eq.(25) follows directly from condition (2) . By condition (1) of non-degeneracy and the results of the previous sections, we known that the von Neumann entropy of the single-particle reduced state can be used as a quantifier of quantum correlations. Let us calculate it. We know that matrix elements of the reduced state are given by ρ r ( iσ, jσ) = 1 N T r(c † jσ c iσ |ψ ψ|) and, according to Eq.(25), subspaces of the reduced state with different spin "σ" are disjoint. We can therefore diagonalize the reduced state in these subspaces separately. Eq. (24) together with the boundary condition fix the reduced state to a circulant matrix. More precisely, for the unidimensional case (D = 1), given the subspace with spin "σ" and {c † iσ } L i=1 , the reduced state is given by the following L × L matrix:
where N σ = L j=1 n jσ . The terms x δ can be obtained by several methods, e.g. from two-point Green's function (one-particle Green's function). The eigenvalues {λ For higher dimensions, given the subspace of a single-particle with spin "σ" and {c † iσ
, the characteristic vector of its circulant matrix (e.g. the first line of matrix ) is given by,
[D=3]:
is the characteristic vector of the plane z = l, and x δxδyδz = < c † (lmn)σ c (l+δx)(m+δy)(n+δz)σ >. Thus, the eigenvalues {λ
of the reduced state are given by:
If the eigenstate does not possess such properties, we can use the Negativity as a quantifier, but then we cannot provide analytic expressions.
VII. CONCLUSION
Entanglement between distinguishable particles is related to the notion of separability, i.e. the possibility of describing the system by a simple tensor product of individual states. In systems of indistinguishable particles, the symmetrization or antisymmetrization of the many-particle state eliminates the notion of separability, and the concept of entanglement of particles, referred in this work as quantum correlations, becomes subtler. If one is interested in the different modes (or configurations) the system of indistinguishable particles can assume, it is possible to use the same tools employed in systems of distinguishable particles to calculate the entanglement of modes. On the other hand, if one is interested in the genuine quantum correlations between particles, as discussed in the present work, one needs new tools. In this case, we have seen that quantum correlations in fermionic systems are simple, in the sense that the necessary tools are obtained by simply antisymmetrizing the distinguishable case, and one is led to the conclusion that uncorrelated fermionic systems are represented by convex combinations of Slater determinants. The bosonic case, however, does not follow straightforwardly by symmetrization of the distinguishable case. The possibility of multiple occupation implies that a many-particle state of Slater rank one in one basis can be of higher rank in another basis. This ambiguity reflects on the possibility of multiple values of the von Neumann entropy for the one-particle reduced state of a pure many-particle state. Aware of the subtleties of the bosonic case, we have proven that a shifted von Neumann entropy and a shifted Negativity can be used to quantify quantum correlations in systems of indistinguishable particles. Motivated by previous results with fermionic optimal entanglement witnesses, we have proven relations for robustness of entanglement and Slater concurrence for two-fermion systems with a four-dimensional single-particle Hilbert space, in particular showing that the Generalized Robustness and the Slater concurrence coincide for pure states. We have shown that the bosonic entanglement witness analogous to the fermionic entanglement witness is not optimal, due to the possibility of multiple-occupation in the former case. Nonetheless, numerical calculations have shown that the bosonic witness improves with the increase of the single-particle Hilbert space dimension. Finally, we have obtained analytic expressions for the calculation of quantum correlations in Homogeneous D-dimensional Hamiltonians.
distinct combinations from the elements of the set {π(φ 2 ...φ N )}. Note that there are No i=1 (n φi !) permutations of type π(φ 1 ) = φ k generating the same "ket" |π(φ 2 ...φ N ) (or "bra" π ′ (φ N ...φ 2 )|). Thus we have, δ kk ′ , and finally the second line of Eq.38 is reduced to:
From Eq.(39) and Eq.(41 ) and remembering to reintroduce the normalization constant C, we obtain:
The last step follows by noting that 
